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Abstract 

Momentum map is a reduction procedure that reduces the dimension of a Hamiltonian 
system to the lower ones. It is shown that behavior of the action- angle variables under the 
momentum map generates the new action-angle variables for the reduced system considered as 
a Nambu structure. The symmetrical top is given as an illustration. 



1 Introduction 

It is well known that the time evolution of a Hamiltonian dynamical system with the Hamiltonian 
H and n degrees of freedom is governed by the equations 

. diq,,H) . djpuH) . 

where qi and pi are the conventional phase-space coordinates, i.e., generalized coordinates and their 
conjugate momenta, respectively. It is obvious that dimension of the phase space of the standard 
Hamiltonian system is even. But in 1973 Yoichiro Nambu introduced a generalization of Hamiltonian 
mechanics for arbitrary-dimensional phase spaces [Ij . His formalism is based on an A^-tuple of phase 
space variables and — 1 Hamiltonians considered as integrals of motion. He replaced the usual 
Poisson bracket that is a binary operation by his own bracket as an A^-ary operation. In this manner, 
this generalization allows us to define odd-dimensional phase spaces besides the even ones. Indeed, 
if we try to determine ((T)), for instance, for a phase space described by the coordinates xi,X2,xs, we 
should write 

d{Xi,X2,Xs) 

Nambu focused his formalism on the three dimensional phase spaces giving Euler equations for 
the free rigid body as an application. After Nambu's proposal some authors analyzed this formalism. 
For example, in Ref. j2] Nambu dynamics is treated as six-dimensional degenerate Hamiltonian 
system with three constraints. In Ref. [Sj it is shown that Nambu formalism is an embedding of 
three-dimensional phase space into the four- dimensional one. 

In the proceeding years there were attempts to embody the Nambu formalism in a geometric 
framework. Ref. ^ treats the formalism on a mathematical basis and also contains a generalization 
of the Jacobi's identity, so-called fundamental identity. 
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The aim of this work is to construct the variables in the Nambu mechanics corresponding to the 
action-angle variables of Hamilton mechanics. To do so, rather than to guess intuitively, invariance 
of momentum map under canonical transformations is used. First we give a brief summary about 
symplectic structures that is a geometric description of Hamiltonian systems and their action-angle 
variables. 

The phase space of a dynamical system with n-degrees of freedom is the cotangent bundle T*Q = 
M of the configuration space Q that is the set of all possible spatial positions of objects in the system. 
M has a natural symplectic structure given by a closed, nondegenerate differential 2-form 



(2) = dqi A dpi, i = 1, ...,n, (3) 



where A is the exterior product. (Throughout the article the Einstein summation rule is used for 
repeated indices). The dynamics of a mechanical system is specified by a different iable real- valued 
function H, the Hamiltonian, defined on M, i.e., H : M ^ R. The time evolution of the system is 
given by the integral curve qi{t) of the corresponding Hamiltonian vector field Xh defined by 

Xh = ^dH. (4) 

Here the linear mapping " : T*M — > TM, for 2n-dimensional phase space with canonical coordinates 
(gi,j9i, is defined by 

^dqi = dp^ , ^dpi = -dg^ , (5) 
where TM stands for the tangent bundle of M. Then the Hamiltonian vector field Xh is explicitly 

Xh = dg^Hdp^ - dp^Hdg^ . (6) 
The Hamilton equations of motion are therefore obtainable easily by 

X = -^dH{x), (7) 

where x E {qi,Pi, ...,g„,p„}. 

The phase space arising in Hamiltonian mechanics has an additional structure called Poisson 
bracket. If / and g are smooth, real valued functions on M, the Poisson bracket { , }p in canonical 
coordinates is defined to be 

{/, 9}p = dqjdp^g - dpjdg^g. (8) 

The bracket operation can be defined entirely in terms of the symplectic form without stating any 
particular coordinate system. 



(2)r 



df, idH) = {f,H}p. (9) 



Here the left hand side of © is the determinant defining the pairing of a 2-form and the tangent 
bundle vector fields; 

{^df,dq,) {Uf,dp,) 



{^dH,dq,) {^dH,dpi) 



(10) 



where ( , ) is pairing operator defined by ( (9^., dxj) = 6ij. Then the Hamiltonian equations of motion 
read 

= a;(2)( Mh) , p, = ^dp,, UH). (11) 
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It is well known that the canonical transformations are the mappings T : M ^ M which preserve 
the form of Hamiltonian equations of motion. In the symplectic context, canonical transformations 
are the diffeomorphisms which preserve the symplectic structure and are sometimes called symplec- 
tomorphisms. The coordinate set of the action-angle variables (Xj,^j) is a special kind of canonical 
transformations, such that the angle variables 6i appear as the cyclic coordinates in the new system 
and therefore the action variables Xj are constants of motion: 

= di^K, i, = -dg^K = 0, (12) 

where K is the transformed Hamiltonian. According to the argument stated above, the action-angle 
variables argue the relation of invariance, 

dli A dOi = dqi A dpi. (13) 

Shape invariance of the Hamiltonian equations under the transformation {qi,Pi) induces 
the invariance of the closed areas Ai projected onto the {qi,Pi) planes. Thus under this circumstance 
the action variables are defined in terms of these areas: 

Xi = ^ I Pidqi = ^Ai. (14) 

ZVr J ZTT 

On the other hand the quantities 6i = v{Ii) correspond to the sweeping frequencies of the areas Ai. 



2 Nambu Structure and Momentum Map 

Nambu structure is a generalization of the Hamiltonian structure, proposed by Y. Nambu in 1973 
p. In Nambu's formalism the equations of motion for A^-dimensional phase space with coordinates 
governed by — 1 Hamiltonians Hi, ... , Hjq_i and a closed, nondegenerate iV-form 
oj^^^ = dxi A ■ ■ ■ A dxN (volume form on Nambu phase space M^) : 

Xi = J^\dii,dHi,...,dHN-i) , ie{l,...,N}, (15) 
here we adopt the linear map ~ defined by 

dxi = dx,, (16) 
so that df = dxjdx^. (fT^ defines the Nambu bracket {.,..., .j^r 

uj^^\dxi,dHi, . . .,dHN-i) = {xi,Hi, . . .,Hn-i}n, (17) 
which is given explicitly by the Jacobian 

d{xi, Hi, . . . , Hjy^i] 



d{xi, ...xn) 



{Xi, Hi, . . . , i^Ar-i} 



that is the generalization of the usual Poisson bracket just as stated originally by Nambu. It is 
remarkable to point out that the systems with n-degrees of freedom (n > 2), i.e., even dimensional 
phase space (iV = 2n) with the canonical coordinates {qi,Pi, . . . , qn,Pn), can be treated in two ways. 
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First, it can be considered as a Hamiltonian system with the usual Poisson bracket. Second, it can 
be interpreted Nambu system with the bracket 

j ^ d{f,Hi, . . .,Hn-i) 
d{qi,pi,...,qn,Pn)' 

In this case there appears an inevitable normalization function that is also a constant of motion in 
front of the right hand side of (fTHj) OinilZI. In order to get the correct equations of motion the Nambu 
bracket must then be normalized properly. Since this approach does not destroy the fundamental 
ideas within this paper, all Nambu brackets will be considered as normalized. 

On the other hand when considering the odd dimensions the phase-space coordinates are not 
the canonical ones in the Poisson sense. The systems with the non-canonical coordinates can be 
defined as the substructure of a standard Hamiltonian system A general feature for Hamiltonian 
systems with symmetry, for instance integrable or superintegrable, is that it is possible to reduce 
the dimension of the system to the lower ones. This reduction procedure is achieved by appealing 
to non-canonical coordinates and may be used for non-integrable systems, just as well as for the 
integrable or superintegrable ones. The reduced phase space gets a new non-canonical bracket from 
the original phase space under this reduction since the invariance of the equations of motion is 
desired. Momentum map is a reduction procedure corresponding to a particular conserved quantity. 
Consider, for example, the system for the free rigid body. It is well known that the magnitude of the 
angular momentum vector is a constant of motion for this system. The momentum map, consisting 
of the angular momentum is given by 



Pg sin 9 cos ip + P^pSinip — cos 9 sin ip 
sin 9 

P^ cos ip ~ Pq sin 9smip — cos 9 cos ip 



L2 = " 7 " (20) 

sm 9 

L3 = Pip- 



it is clear that this map reduces the six-dimensional phase space to the three dimensional one 
with the non-canonical coordinates Li, L2, L^. The time evolution of the momentum map follows the 
Euler equations: 




where Ij , (j = 1, 2, 3) are the inertia momenta with respect to the principal axes. The map (j^Uj) 
defines a Nambu structure with the 3-form to^^^ = dLi A dL2 A dL^ such that 

Lj =uj'^^\dLj,dHi,dH2), (22) 

where Hi = i(Li^ + + ^3^) is the reduced phase space, i.e., the invariant sphere, and H2 = 
\ [Li' / Ii + L2^ / 12 + L-i' / 1^) is the Hamiltonian for the reduced system. The trajectory L{t) on 
the reduced phase space is the intersection of an ellipsoid and a sphere. The reduction operation 
mentioned above can be summarized in a differential geometric point of view as the following. (From 
now on, for the sake of clarity it will be concentrated on three-dimensional phase spaces. It is of 
course possible to extend it to higher dimensions using similar arguments). 
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Given a symplectic structure described by the 2-form in Q and the Hamiltonian Hq = HQ{qi,pi), 
the transition to the Nambu structure is determined by the transformation 

Xj = Xj{qi,pi), (23) 

comprising the components of a momentum map. This transformation must obey the conservation 
condition _ _ 

Xj = J^\^dxj} dHo) = J^\dxj, dHi, rfifa)- (24) 

If the reduced Hamiltonian is chosen as Hi = Hi{xi,X2,X3), then the condition shows that the 
transition functions satisfy the commutation relations 

{xj, Xk}p = ejkidxiH2, , (j, /c, / = 1, 2, 3), (25) 

determining what the second Hamiltonian H2 must be. In the rigid-body example stated above, the 
commutation relations (j^^ correspond to the angular momentum algebra and the calculation of the 
other Hamiltonian is straightforward. 

Clearly for the transformations Xj = 0, such as the Hopf fibration (that will be considered later), 
the second Hamiltonian H2 is of the form H2 = H2{Hi) ,i.e., any function of Hi. On the other hand 
the action of the momentum map on the symplectic 2-form u^'^^ can be represented by an operation 
such as 'Duj^'^^ = u^^^ defined by 

Pa; = ^x.^a;(^) A ix^.u;'^^^ A ix^^uj^^^ = dxi A dx2 A dx3, (26) 

where i is the usual interior product. For the 2-form a;^^-* = dq A dp it is obvious that 'Dcu^'^^ = 0. 
The invariance under the canonical transformations is the final remark about the momentum map. 
If yi, 1/2, 1/3 are the transformed coordinates with respect to the new canonical coordinates then 
dxi A dx2 A dx3 = dyi A dy2 A dy^. This fact will be the main idea throughout the text. 



3 Hopf Fibration and Behavior of Action- Angle Variables 

In this section, Hopf fibration is given as model example for the momentum map and it is shown 
how to transform the action-angle variables under this reduction process. 

It is well known that, in a two-dimensional phase space, the most suitable choice as canonical 
transformation for the action-angle variables is the set of polar coordinates {r,6), just as the spher- 
ical coordinates for four-dimensional phase space shown in the following. Thus the question arises 
naturally: Is the set of spherical coordinates a suitable choice for the action-angle variables for a 
three-dimensional phase space? This section shows that the answer to this question is affirmative. 
The question may seem a bit trivial but it is meaningful when considering the bracket of the system, 
because such a choice must not effect the structure of the Nambu bracket. Next section confirms 
this fact. 

Consider the 4-dimensional harmonic oscillator with the Hamiltonian 



Ho = 2(Pi' + P2' + gi' + g2'), 



(27) 
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describing a 3-sphere S^. The Hopf fibration is given by the momentum-map components 

xi = 2(gig2 + P1P2), X2 = 2{q2Pi - ^1^2), X3 = qi^ + pi^ - - ^»2^ (28) 

obeying Xj = 0. Such a map converts the three-sphere into the two-sphere 5^, identified by the 
reduced Hamiltonian 

H, = ^{x^ + X2' + xs'f' (29) 

Though a different set of spherical coordinates can be used for a four- dimensional sphere to define 
a canonical transformation, we prefer the following one used for the symmetrical top, 

= ri/2cos(^)cos[^(a + /?)], pi = rV2cos(^)sin[^(a + /5)], (30) 

q2 = r^/^sin(-)cos[-(a-/5)], p2 = r^^^ sm{-) sm[-{a - (3)], (31) 

where r = pi^ + p2^ + Qi'^ + and a e [0, 2n), 6 e [0, it), (3 e [0, Ait). Now if we let 

ri = ri/2cos(^), 6, = ^{a + P), r2 = r^/^ sin(^), 62 = ^{a~P), (32) 

we get the closed orbits in the (gj,pj)-planes: 

gi = ricos6'i, pi = risin6'i, 52 = ^^2 cos ^2, P2 = ''^2 sin 6'2, (33) 

where ri^ + r2^ = r. Consequently, the symplectic two-form cu'^'^^ = dqi A dpi + dq2 A dp2 transforms 
to 

^(2) ^ ^^^^^ /\ ^5)^ _^ ^^^^2 /\ (^34^ 

Obviously, this transformation describes the invariant action-angle variables 

= dXi A d6i + C/X2 A d62 (35) 

with the action variables Xi = ri^/2, X2 = r-i' j2. 

On the other hand, the transition to the Nambu 3-form o;'-^-' is possible via the transition function 
F = — 8ifo^ such as 

J^^ = dFAJ^\ (36) 

or in an explicit form 

dxi A dx2 A dx3 = 8rir2(ri^ + r2^)dri A (ir2 A c/(0i - 62)- (37) 
When written in terms of the action-angle variables, ()37p follows 

dxi A da;2 A dx^ = 16(Xi + X2)rfXi A rfX2 A d{6i - 62), (38) 
which has the more compact form 

=dGA (dXi Arf^i), (39) 
where G = — 8(Xi + X2)^. If one defines ip = 61 — 62 in (jSZI), then 

dxi A dx2 A dx3 = sin 6dr A d6 A dtp. (40) 
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At this stage it is not difficult to define the new action-angle variables. Indeed the rearrangement of 
(^0)) as the following 

cu(3) = d(rV3) A d{- cos 9) A d(p = dj A dfx A dcp, (41) 
gives the action variable in terms of the volume V enclosed in the phase space; 

1 1 f 

J = -r-V = — ekim / XkdxiAdxm, k,l,m = 1,2,3. (42) 
47r ovr J 

Note that J' does not have the dimensions of an angular momentum. Therefore we should keep this 
in mind when we talk about " action" . Perhaps the best way to emphasize the action-angle variables 
is to say "area- angle" variables for the symplectic structures and "volume-solid angle" variables for 
the Nambu structures. Indeed, if we consider the solid angle element dfl = sin 9d9 A dip, the Nambu 
three-form can be expressed as 

u;(3) = dj A dn. (43) 



4 Free Symmetrical Top 

In this final section, the illustration of the argument is given by the example of free symmetrical top. 
We show that the Nambu bracket gives the correct equations of motion when expressed in the new 
variables J', fj,, ip in (jUJ. We shall seek a set of equations of motion similar to (fT^ . 

j = {J,Ki,K2}N = 0, fi = {fi,Ki,K2}N, ^ = {p,KuK2}n, (44) 

where Ki = Ki{J , fi, 0) and K2 = K2{J , fi, 4>) are the transformed forms of Hi and H2 respectively. 
The first equation is a direct consequence of the Liouville theorem corresponding to the invariance 
of the volume in the phase space. 

A free symmetrical top is a free rigid body with Ii = I2. Thus the Euler equations of motion (j2ip 
reduce to 

Li = L3 ( — - — ) L2 = UJL2, L2 = -ujLi, L3 = 0. (45) 



h h. 

The solution of these equations states that the vector L rotates uniformly about the vertical axis of 
the body, say z, with the constant frequency u). Also the angle 9 between the z-axis and the vector 
L is constant. This clearly implies /i = 0. 

Since the phase space of the rigid body is identified with the angular-momentum sphere, it is 
easy to construct the action variable such as JT" = {2H2)^^'^ /S, which induces 



Ki = 



1 1 



(46) 



2 

K2 = {'ijf'^/2. (47) 



We are now in a position to perform the brackets in (j44|) . If we write the brackets explicitly, it is 
clear that 

0, (48) 
= 0, (49) 

^ (i - i) . (50) 



J = 


d^Kid^K2 


- d^Kid^K2 


A = 


d^KidjK2 


- djKid^K2 


= 


djKid,K2 


- d^KidjK2 
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Thus the immediate solution of ()50|) is ^9 = ujt+ constant. This is in accordance with the well known 
results about the symmetrical top. 
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